Abstract. This paper is concerned with a study of approximation order and construction of locally supported elements for the space S 1 4 ( ) of C 1 pp (piecewise polynomial) functions on an arbitrary triangulation of a connected polygonal domain in R 2 . It is well-known that even when is a three-directional mesh (1) , the order of approximation of S 1 4 ( (1) ) is only 4, not 5. The objective of this paper is two-fold: (i) A local Clough-Tocher re nement procedure of an arbitrary triangulation is introduced so as to yield the optimal ( fth) order of approximation, where locality means that only a few isolated triangles need re nement, and (ii) locally supported Hermite elements are constructed to achieve the optimal order of approximation.
Introduction
Let R 2 be a connected polygonal domain and an arbitrary triangulation of . As usual, S r k ( ) denotes the subspace of the space C r ( ) of pp (:= piecewise polynomial) functions with total degree k over the partition . The approximation order of S r k ( ) is the largest integer for which dist(f; S r k ( )) Cj j holds for all su ciently smooth functions f, where the constant C depends only on f and the smallest angle in . Here and throughout, the distance is measured in the supremum norm k k and j j := supf diam : 2 g denotes the mesh-size of .
It is well-known that for k 3r + 1, the optimal approximation order of k + 1 cannot be achieved in general. For instance, de Boor and Jia proved in 2] that if k 3r + 1 and is the three-direction mesh (1) , the order of approximation of the space S r k ( (1) ) is at most k. In this paper, we introduce a local Clough-Tocher re nement procedure of an arbitrary triangulation in order to achieve the optimal ( fth) order of approximation by C 1 quartic pp functions over this locally re ned triangulation b of . Here, locality means that the Clough-Tocher triangle is applied only to some isolated triangles in , and as usual, a triangle is called a Clough-Tocher triangle, if it is subdivided, by using an interior point (such as the centroid of the triangle), into three subtriangles. We will also construct certain locally supported Hermite elements, which will be called star-vertex splines, to achieve this optimal approximation order.
Generation of an optimal mesh is one of the most important facets in nite element modeling. The method of local Clough-Tocher re nement of triangulations introduced in this paper can be undertaken without any element distortion, and our local interpolation schemes will help in drastically decreasing the computational complexity as compared with the standard (global) Clough-Tocher scheme.
For a vertex v in the triangulation , the degree of v, denoted by deg (v) , is the number of edges emanating from v. We call a triangulation an odd-(even-) degree triangulation if the degree of any interior vertex in is an odd (even) number. The organization of this paper is as follows. Our local Clough-Tocher re nement algorithm will be introduced in Section 2. We shall see that the number of local Clough-Tocher re nement steps, if needed, is quite minimal in general. In particular, triangulations , such as any odddegree triangulation and the four-direction mesh (2) , do not even need any re nement in order to achieve the optimal ( fth) order of approximation from S 1 4 ( ). A re nement of the three-directional mesh (1) that already admits fth order of approximation from S 1 4 is shown in Figure 1 . In Section 3, based on this local Clough-Tocher re nement b of , we outline a procedure for constructing a local basis. This local basis will be called a star-vertex spline basis for the space S 1 4 ( b ). An explicit scheme of Hermite interpolation from the space S 1 4 ( b ) that provides the optimal fth approximation order will be discussed in Section 4. Furthermore, we will use N to denote the total number of triangles in .
We call an interior vertex v a singular vertex if (i) its degree is deg(v) = 4 and (ii) number of the re nement steps to form b from is given as follows. From the LCTR Algorithm, it is clear that only a triangle which has either (i) only non-singular even-degree interior vertices, or (ii) an edge which is degenerate with respect to a non-singular interior vertex, may need re nement; and whenever a Clough-Tocher triangle is formed, at least one non-singular even-degree interior vertex is exempt from further consideration in the LCTR Algorithm. Therefore, the number of re nement steps in the LCTR Algorithm, or equivalently the number of Clough-Tocher triangles added to to form b , is bounded from above by L = minf`; mg;
where`is the number of non-singular even-degree interior vertices in and m is the number of triangles which have either (i) only non-singular even-degree interior vertices, or (ii) an edge which is degenerate with respect to a non-singular interior vertex. In particular, if is an odd-degree triangulation (so that`= 0), or if is a four-direction mesh (2) (so that m = 0), then = b . In other words, for these two types of triangulations , there is no need of re nement at all. A re nement of a three-direction mesh (1) using the LCTR Algorithm has been shown in Figure 1 . Observe that for = (1) , once a Clough-Tocher triangle is formed by a LCTR, there are generally 9 non-singular even-degree interior vertices that are exempt from further consideration in the LCTR Algorithm. In general, according to the LCTR Algorithm, we also see that once a Clouhg-Tocher triangle is added to , at least two non-singular even-degree interior vertices (in ) are 
In this paper, B-net representations of pp functions will play an important role in our discussion. For completeness, we give a very brief review of this topic ( more details can be found in 3 To prove Theorem 1, we need the following lemma. For a boundary vertex u 2 b V b = V b , this follows by the smoothness condition directly . Now, suppose that u is either a singular vertex (cf. Figure 2) or a non-singular evendegree interior vertex (cf. Figure 3) . Since P 2 u contains three non-colinear points in D 1 u , b s must be zero on D 1 u according to the C 1 -smoothness condition. It is easy to see that by the smoothness condition and the fact that e C is non-degenerate with respect to u, the remaining B-net ordinates in R 2 u are also zero. For an odd-degree vertex u (cf. Figure 4) , it follows by the smoothness condition that, the zero b s values on P 2 u force all of the b s values on D 1 u to be zero. By writing out explicitly the coe cients in terms of the ratios of (signed) areas in the smoothness condition (4), it is easy to verify that the determinant of the coe cient matrix for the remaining unknowns Thus, if we can prove that P is a determining set for S 1 4 ( b ), then P is also a minimally determining set of S 1 4 ( b ). For this purpose, let us arrange the vertices in b V in an appropriate order, and extend the B-net ordinates b g from b as follows:
(i) For every non-singular even-degree interior vertex u, which is not a vertex of any Clough-Tocher triangle, then according to our choice of e C in (7), the edge e C is nondegenerate with respect to u. By Lemma 2, we can determine the b g values on all the domain points in D 2 u from the given values on P.
(ii) Each remaining non-singular even-degree interior vertex u is also a vertex of some Clough-Tocher triangle u . According to our choice of e C in (7), the edge e C is an interior edge of u and so it is non-degenerate with respect to u. Note 
Interpolation Scheme and Its Approximation Power
In this section, we construct an explicit interpolation scheme to prove that the space S 1 4 ( b ) achieves its optimal approximation order. Since the minimally determining set P contains the domain points in X n u; , n = 0; 1 for each u 2 b V and some triangle attached to u, the interpolation scheme can be chosen to interpolate the function values as well as gradient values of a given f 2 C 1 ( ) at each sample point, as follows. Interpolation Scheme.
Step Step 2. Choosing b g (x) = b p u (x), x 2 Y 2 u in the order as described in the proof of Theorem 1, we determine the remaining b g values on X n P by applying the smoothness condition (4) .
Denote by T, the linear operator obtained by the Interpolation Scheme:
It is clear from the construction and the choice of the detremining set P that T is wellde ned.
Let a denote the smallest angle among all the triangles in b and let C a denote a constant depending only on a, which may be di erent from situation to situation. The last inequality holds because gj is a Hermite interpolation polynomial on each triangle 2 b and that from the B-net representation the operator (on ) so de ned is bounded by a constant independent of the shape of . This completes the proof of the Lemma.
We are now in a position to prove the following main result of this paper. 
where C is an absolute constant. By appying (13), Lemma 3, and (14) consecutively, it follows that jf(x) ? Tf(x)j = jT(f ? p)(x)j C a k(f ? p)j ( ) k C a kf (5) k j b j 5 :
Since this inequality holds for any x 2 b , we have kTf ? fk C a kf (5) k j b j 5 :
This completes the proof of the theorem.
If the original triangulation satis es the condition that for each vertex v 2 V , deg(v)
is an odd number, or v is a singular vertex, then we see from the LCTR Algorithm that b = : Also, we have b = for the four-direction mesh (2) . In both cases, we can choose the minimally determining set P to contain midpoints of all the edges in E. Corollary 1. (a) If a triangulation contains only odd-degree interior vertices or singular vertices, then there is a Hermite interpolation scheme to achieve the optimal approximation order of the space S 1 4 ( ).
(b) If is a four-direction mesh (2) , then the space S 1 4 ( (2) ) has fth order of approximation, and there is a Hermite interpolation scheme that achieves this optimal approximation order.
